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We consider the degradation of the dynamics of a Gaussian wave packet in a harmonic oscillator
under the presence of an environment. This last is given by a single non-degenerate two level
system. We analyze how the binary degree of freedom perturbs the free evolution of the wave packet
producing decoherence, which is quantified by the Loschmidt echo. This magnitude measures the
reversibility of a perturbed quantum evolution. In particular, we use it here to study the relative
“fragility” of coherent superpositions (cat states) with respect to incoherent ones. This fragility or
sensitivity turns out to increase exponentially with the energy separation of the two components of
the superposition.
PACS numbers: 03.65.Yz, 03.67.-a
I. INTRODUCTION
Control and manipulation of coherent quantum sys-
tems is a major task for both nanotechnology [1, 2]
and fundamental physics [3]. Specifically, quantum in-
formation processing (QIP) operates with superposition
states, which constitute the heart of quantum weirdness
[4]. Since these states have an intrinsic nonlocal nature,
their characterization becomes a nontrivial problem [5] .
Moreover, the prediction and control of their time evolu-
tion are restricted by the unavoidable interactions with
an environment that degrades the unitarity of quantum
dynamics [6]. This process, called decoherence, involves
the progressive and smooth destruction of the quantum
interferences [7].
Among the general expectations within the field quan-
tum open systems [8], is the claim that the more non-local
and complex a superposition state is, the more fragile it
becomes under the effects of decoherence. If indeed gen-
eral, this might preclude scalability of QIP implementa-
tions. The magnitude of such fragility seems to be in-
timately related to the number of correlated qubits and
the way in which they evolve. In particular, nuclear mag-
netic resonance (NMR) experiments with large arrays of
interacting spins [9–11] have shown that these can exhibit
an intrinsically unstable dynamics. Inspired by the NMR
experiments, the Loschmidt echo (LE) [12–14] arises as
a natural way to quantify fragility. The LE is defined
in terms of the revival that occurs when a slightly im-
perfect time-reversal procedure is applied to a quantum
evolution. Such imperfection accounts for the presence
of uncontrolled degrees of freedom, which play the role of
an environment [15–17]. Quite remarkably, it has been
proved that even in the presence of simple perturbations,
chaotic systems can become their own environment [18].
Furthermore, in such classically chaotic systems, dynam-
ics leads to highly nonlocal superpositions that have al-
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ready been related to the formation of sub-Planck-scale
structures associated with a boost of decoherence [19, 20].
The standard theoretical strategy to address decoher-
ence and dissipation relies on defining a simple system S
that interacts with a large and complex environment E
[21, 22]. While the former has a few degrees of freedom,
the latter typically has a dense spectrum, at least within
the experimental time scales shorter than the Heisenberg
time, in which mesoscopic echoes would show up [23, 24].
Within this framework, the spin-boson model (SBM)
turns out to be one of the most employed paradigms [25].
This corresponds to a single two-level system (TLS) S in-
teracting with a large reservoir E of bosonic field modes,
i.e., a spin 1/2 coupled to an environment of harmonic
oscillators (HO). This model has also found wide appli-
cation in the fields of chemical and biological physics,
providing a rationale for the electron-transfer process.
There, the role of the spin is played by a charge that can
fluctuate between two reaction centers [26, 27].
In this article, we switch the spin and boson roles as
S and E , using a HO as S and a single TLS as E . This
crucially different point of view seeks to assess how states
with controllable complexity are degraded by a simple E .
Specifically, only when this binary degree of freedom flips
its state is the mixing among the states of S enabled.
This approach allows us to test the above assumption
about the fragility of specific nonlocal superpositions, or
cat states. Here, these highly nonlocal superpositions are
not obtained as dynamically prepared initial states on a
chaotic system [19, 20] but are built as specific initial
states of the HO. In the particular case analyzed here,
coherent superpositions of two semiclassical states asso-
ciated with different energies show an enhanced fragility
with respect to the incoherent superpositions.
This paper is organized as follows. In Sec. II we de-
scribe our version of the SBM and summarize its theo-
retical background. In Sec. III we define the semiclas-
sical and the superposition states built with them. The
incoherent superposition is described in detail in the Ap-
pendix. In Sec. IV we describe how the LE is evaluated
for mixed states without resorting to the evaluation of
2the density matrix, i.e. just from the wave function in
the Fock space. This LE evaluation is explained in some
detail in the Appendix. In Sec. VA we show that the
dynamics can be analyzed in terms of the Landau-Zener
(LZ) theory [28–30]. In Sec. VB we quantify the fragility
of different initial states. Finally, a brief discussion of the
results and conclusions is presented in Sec. VI.
II. THE SPIN-BOSON MODEL
We propose that the system S under consideration is
a HO which is coupled to a TLS, which constitutes the
environment E . This TLS enables mixing and produces
decoherence, causing a loss of control over S. The total
Hamiltonian which contains all these physical processes
is
Hˆ = HˆS ⊗ IˆE + IˆS ⊗ HˆE + VˆSE , (1)
where the first term represents S:
HˆS = ~ω0
(
bˆ+bˆ+
1
2
)
, (2)
with bˆ+ being and bˆ the bosonic raising and the lowering
operators respectively. The second term in Eq.1 repre-
sents the TLS, which corresponds to E ,
HˆE = E↑cˆ
+
↑ cˆ↑ + E↓cˆ
+
↓ cˆ↓ + V↑↓
(
cˆ+↑ cˆ↓ + cˆ
+
↓ cˆ↑
)
, (3)
where cˆ+s and cˆs (s ∈ {↑, ↓}) are the creation and de-
struction operators for fermions. Within an electron-
transfer model, E↑ and E↓ are the nondegenerate elec-
tron’s energies at states ↑ and ↓, respectively. Since the
Wigner-Jordan transformation allows for a precise cor-
respondence between spinless fermions and spin states,
the hopping amplitude V↑↓ (i.e., the electron’s tunneling
between the centers ↑ and ↓) also describes a spin-flip
process. As the interaction between S and E we adopt
the standard linear electron-phonon interaction, used to
describe the Franck-Condon effect and electron transfer
processes [31]:
VˆSE = −Vg
(
bˆ+ + bˆ
)
cˆ+↓ cˆ↓, (4)
where Vg gives the scale for the S-E interaction which
is strong enough to regard the S spectrum as quasicon-
tinuous (Vg ≫ ~ω0). In this model, it is clear that the
state of the HO S and its dynamics depend on the spin
state. Indeed, Eq.4 implies an explicit displacement in
the harmonic potential which is evidenced when the total
Hamiltonian Hˆ is written in terms of the two canonical
coordinates pˆ and qˆ:
HˆS + VˆSE =
pˆ2
2m
+
1
2
mω20 qˆ
2 −
√
2mω0
~
Vg qˆcˆ
+
↓ cˆ↓, (5)
where qˆ =
√
~
2mω0
(
bˆ+ + bˆ
)
and pˆ = i
√
~
2mω0
(
bˆ+ − bˆ
)
.
In terms of the canonical coordinate qˆ, the Hamiltonian
given in Eq. 5 makes the potential surface shifted with
respect to the one corresponding to the usual HO. The
model is schematized in Fig. 1, where in Fig. 1(a) the
interactions are represented in the Fock space. In 1(b)
we show a semiclassical representation of the perturbed
potential, where we can notice the energy gap of width
2V↑↓ induced by HˆE , with parameters
qC =
√
~
2mω0
E↓
Vg
, (6)
EC =
~ω0
4
(
E↓
Vg
)2
. (7)
In order to simplify the analysis we define an energy
reference which shifts the perturbed harmonic potential,
producing E↑ − E˜↓ = 0 with E˜↓ = E↓ − V 2g /~ω0. This
means that the parabolas in Fig. 1(b) are symmetrical
with respect to the crossing point qC . Thus, similar en-
ergies in the HO are mixed up by the dynamics of the
environment. In fact, the HO energy density 1/~ω0 con-
stitutes the quasicontinuous spectrum that can be easily
mixed up by the dynamics of the TLS. This would require
that V↑↓ ≫ ~ω0.
III. INITIAL STATES
Within the tight-binding representation of the Fock
space shown in Fig. 1(a), any wave function for the whole
S + E can be written as
|Φ〉 =
∑
k=↑,↓
∞∑
n=0
ck,n |k, n〉 , (8)
where the probability amplitudes ck,n have the k index
that labels the spin states |↑〉, and |↓〉 and the n index
that labels the HO eigenstates. We consider three dif-
ferent initial states, all restricted to the TLS state |↑〉.
The first one, a Gaussian wave packet usually called a
coherent state, is
|α〉 = e− |α|
2
2
∞∑
n=0
αn√
n!
|↑, n〉 . (9)
In order to avoid confusion, from now on we will re-
fer to such states as semiclassical since they exhibit a
minimum uncertainty. Its energy is given by Eα =
~ω0
(
|α|2 + 1/2
)
, and its evolution under the unper-
turbed Hamiltonian HˆS is a trivial semiclassical oscilla-
tion. The second case for the initial state is a non-local or
cat state, i.e., a coherent superposition of two Gaussians,
∣∣Ψcat0 〉 = |α1〉+ |α2〉√
2
, (10)
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FIG. 1. (a) Fock space representation of Hˆ = HˆS +HˆE + VˆSE . Vertical hoppings enable the mixing processes among the HO
eigenbasis. (b) Semiclassical representation of Hˆ in terms of the HO’s canonical coordinate qˆ . The energy is expressed in
units of ~ω0, and the space coordinate is in units of
√
~/ (mω
0
). Each parabola corresponds to a different spin state while the
spin-flip process V↑↓ produces an anticrossing (energy gap).
-30 -20 -10 0 10 20 30
0,0
0,5
1,0
20
16
12
8
4
q-q
A
| (q,t)|2
(a) (b)
(c)
-30 -20 -10 0 10 20 30
0,0
0,5
1,0
20
16
12
8
4
0
t
0
t
0
t
q-q
A
-30 -20 -10 0 10 20 30
0,0
0,5
1,0
20
16
12
8
4
q-q
A
| (q,t)|2
(d)
0
t
-30 -20 -10 0 10 20 30
0,0
0,5
1,0
20
16
12
8
4
q-q
A
FIG. 2. Time evolution of the probability distribution as a function of the space coordinate, which is expressed in units of√
~/ (mω
0
). (a) Unperturbed case for an initial semiclassical state with E¯ = 400~ω0. (b) Unperturbed case for an initial cat
state with the same energy. The perturbed dynamics for the same initial states are shown in (c) and (d), respectively.
where |αr〉 is a semiclassical state as in Eq. 9, associated
with a complex number αr. Notice that we consider α1
and α2 with different signs, but they may not have equal
modulus. Since the energy is proportional to |αr|2, the
cat states introduced here can involve the superposition
of two Gaussians with different energies as in Ref. [32].
The third case considered is an incoherent superposition,
which is written as
∣∣Ψinc0 〉 = lim
N→∞
N∑
j=1
eiθj |α1〉+ eiφj |α2〉√
∆
, (11)
where θj and φj are random variables uniformly dis-
tributed in [0, 2π) and the normalization factor ∆2 =
2N2(3 + exp[− |α1 − α2|2]) is explicitly computed in the
Appendix. The random phase relation of this state leads
to two local probability distribution functions with the
same statistical weights. It is the analog to the ran-
dom superpositions employed in spin systems to simulate
high-temperature states [33, 34]. Notice that in these
three cases we restricted the initial state to a definite
spin projection |↑〉.
In Fig. 2 we illustrate the evolution in space for an ini-
tial semiclassical state Fig. 2(a) and an initial cat state
4Fig. 2(b) under the action of the unperturbed Hamil-
tonian HˆS , while in Figs. 2(c) and 2(d) we show the
evolution of the same initial states under the action of
the total Hamiltonian Hˆ . In the last two cases, it can
be noticed how the oscillatory dynamics is perturbed by
successive passages through the avoided crossing region
around q = qC . Notice that the amplitude of the semi-
classical oscillations remains unaffected at least during
several cycles, which means that there is no considerable
loss of energy due to the interaction. The splittings of
the wave packet trajectories will be analyzed within the
LZ theory in Sec. VA. The coherent and incoherent su-
perpositions defined here constitute the trial states which
will be employed to evaluate the fragility in Sec. VB.
IV. LOSCHMIDT ECHO
We employ the LE as a decoherence quantifier and our
specific purpose relies on analyzing the fragility of the
states introduced in Sec. III. In fact, the LE measures
the sensitivity of a quantum evolution to non controlled
perturbations [12–14]. It relies on a time-reversal pro-
cedure within S degrees of freedom, which filters out S
dynamics and allows us to address the degradation in-
duced by the E degrees of freedom. For an initial state
|Ψ0〉 that describes the whole S + E , the standard LE
formula is [18]
M(t) =
∣∣∣∣〈Ψ0| exp
{
i
~
(
HˆS + Σˆ
)
t
}
exp
{
− i
~
HˆSt
}
|Ψ0〉
∣∣∣∣
2
.
(12)
Here, the perturbation operator Σˆ represents HˆE+VˆSE as
defined in Sec. II. The state |Ψ0〉 evolves forward in time
with HˆS , i.e., without interacting with E , which remains
frozen. This evolution can be written in an analytically
closed form. At time t, an imperfect time-reversal pro-
cedure is applied within S that nevertheless is unable to
decouple S from E . Further evolution during a symmet-
ric backward period occurs under the full Hamiltonian.
Thus, the uncontrolled degrees of freedom lead to the
degradation of the overlap between the initial and the
time-reversed wave functions.
The LE as defined in Eq.12 is not appropriate since it
implies a raw overlap of both the S and the E compo-
nents of two wave functions. As discussed above, we are
specifically interested in evaluating how the HO (S) is
perturbed by the binary degree of freedom (E). Thus, it
is necessary to perform a partial trace over the E degrees
of freedom [16, 17]. Let us define two states of the whole
S + E from which the LE is evaluated, in the explicit
form of Eq.8:
|Ψ(t)〉 = e− i~ HˆSt |Ψ0〉 =
∞∑
n=0
c↑,n(t) |↑, n〉 ,
|Φ(t)〉 = e− i~ (HˆS+Σˆ)t |Ψ0〉 =
∞∑
n=0
∑
k=↑,↓
dk,n(t) |k, n〉 .(13)
Now we trace over the E degrees of freedom to build
the reduced density operators,
σrS ≡ TrE (|Ψ〉 〈Ψ|) =
∞∑
m,n=0
[
c↑,n(t)c
∗
↑,m(t)
] |n〉 〈m| ,
σrS+E ≡ TrE (|Φ〉 〈Φ|) =
∞∑
m,n=0

 ∑
k=↑,↓
dk,n(t)d
∗
k,m(t)

 |n〉 〈m| ,
where the spin index is no longer present in the bra-ket
basis. The LE is now defined as the overlap of these
reduced states and can be explicitly written as
M(t) = Tr
{
(σrS)
†
σrS+E
}
(14)
=
∞∑
m,n=0
[
d↑,m(t)d
∗
↑,n(t) + d↓,m(t)d
∗
↓,n(t)
]
× [c↑,n(t)c∗↑,m(t)] . (15)
Here, one can notice that in spite of the formal use
of density matrices, an actual LE computation can avoid
any matrix manipulation at all. Indeed, the equality in
Eq.14 gives a direct recipe to evaluate the LE from spe-
cific components of the wave function |Φ〉 in the Fock
space, explicitly given in Eq.13. Even though the LE in
Eq.15 is written in terms of products of complex ampli-
tudes, we stress that by construction, it is in fact a real
and positive quantity.
Notice that if the initial state is a superposition (both
cat or incoherent) the linearity of the evolution operators
can be employed to evaluate the probability amplitudes
as a sum of two contributions. This is explicitly used
in the LE computation for the incoherent superposition
shown in the Appendix. There, the phase averaging is
performed and a particular version of Eq. 15 is derived.
Additionally, a naive version of the LE is obtained by
averaging independent realizations of the echo procedure
for each of the single semiclassical states, |α1〉 and |α2〉.
V. RESULTS
A. The Landau-Zener picture
Since the initial states given by Eqs.9,10 and 11 are
explicitly defined with the spin state |↑〉, then the transi-
tions among the HO eigenstates are forbidden unless the
spin flips to |↓〉. This is explicitly shown by the tight-
binding representation in Fig.1(a) and the harmonic po-
tential in Fig.1(b). As already pointed above, the term
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FIG. 3. Loschmidt echo (black curve) of an initial semiclassi-
cal state with energy E0 = 200~ω0. The dotted curve repre-
sents a Markovian approximation by means of an exponential
decay, and the gray curve represents a Gaussian fitting to the
decay (see text). The parameters used in the LE dynamics
are E↑ = 0, E↓ = 100~ω0, Vg = 10~ω0, V↑↓ = 2~ω0.
HˆE in the total Hamiltonian Hˆ produces an avoided level
crossing. A semiclassical wave packet evolving in the
presence of the harmonic potential does not degrade un-
less it goes through such an energy gap. In fact, deco-
herence processes induced by VˆSE are enabled only if a
passage takes place, which means that they are restricted
to a specific region in space and time.
In all cases considered here, we fix the parameters of
the model in such a way that the potential energy parabo-
las are at the same height. We choose parameters satisfy-
ing the assumptions discussed above: Vg = 10~ω0. Thus,
with E↑ ≡ 0 one gets E↓ = 100~ω0 and EC = 25~ω0,
which is always much smaller than the energy E0 of the
initial state. Also, we choose α ∈ R, so that the initial
wave packet velocity is zero. In Fig. 3 we show the LE
decay for an initial semiclassical state, which consistently
evidences a discrete set of steps that are associated with
each passage through the avoided crossing.
In order to quantitatively analyze the LE decay in our
quasicontinuous system we follow Marcus [26] by identi-
fying it with the LZ problem. This involves the evalua-
tion of the transition probability within a two-level sys-
tem under the action of a time-dependent bias. We have
already shown in Fig.2 that the wave packet splits every
time that it crosses the gap, which occurs at q = qC ,
given by Eq.6. At time t = tC the wave packet goes
through the region of avoided crossing with an approxi-
mately constant velocity q˙C . If S is in the spin state |↑〉,
the LZ asymptotic probability to remain in the spin state
|↑〉 is given by
P↑↑(t→∞) = exp
{
−2π
~
|V↑↓|2∣∣ d
dt (ǫ↑ − ǫ↓)
∣∣
}
, (16)
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FIG. 4. Comparison between the LE evaluated in the first
step and the LZ probability (solid curves) as a function of
V↑↓ for different wave-packet energies. From top to bottom,
light gray triangles correspond to E¯ = 400.5~ω0, gray squares
correspond to E¯ = 225.5~ω0 and black circles correspond to
E¯ = 100.5~ω0 .
where ǫ↑(q) and ǫ↓(q) are the potential energies de-
scribed by linear approximations for their q depen-
dence, i.e., ǫ↑ ≈ mω20q2C/2 + mω20qC(q − qC) and ǫ↓ ≈
mω20q
2
C/2−mω20qC(q − qC). In turn, this becomes a de-
pendence on time t if one assumes that near the crossing
point the wave packet behaves linearly as q ≡ 〈q(t)〉 ≃
qC+ q˙C(t−tC). Thus, at least in a single passage, we can
map the conservative problem of the SBM with a quasi-
continuous spectrum to the LZ nonconservative TLS as
described by Eq. 16. In completing the mapping, the
time derivative yields the mentioned velocity factor q˙C
in the denominator,
P↑↑(t→∞) = exp
[
−2π
~
|V↑↓|2
2mω20qC q˙C
]
. (17)
Here, the velocity q˙C can be estimated with a
classical calculation of energy conservation: q˙C =√
2/m [E0 − EC ].
In Fig. 4 we compare the theoretical value of the LZ
probability, given by Eq.17, with the numerical value ob-
tained by the evaluation of the first drop of the LE. The
comparison is performed as a function of V↑↓ for three dif-
ferent values of energy (and hence three different veloc-
ities at the crossing). The excellent agreement between
them implies the accuracy of the LZ physical picture.
This is quite remarkable since the LZ formula gives an
asymptotic transition probability and relies on the linear
approximation for the energies described above. As dis-
cussed in the literature [30], the exact dynamics through
a nonlinear crossing might evidence transient oscillations
that are not described by the LZ formula. These fluctu-
ations occur within a time scale [35] given, in the sudden
limit, by τZ ≈
√
~
[
limVAB→0
d
dt (ǫ↑ − ǫ↓)
]−1/2
, where ǫ↑
6and ǫ↓ are the actual instantaneous eigenenergies, with-
out any linear approximation. In our case, fluctuations at
such a small scale τZω0 ≈ 0.05 would manifest as noise.
However, this effect is not observed in the well-defined
first step of Fig. 3. Thus, the linear LZ provides a good
description of this first transition.
Notice that, at a given size of the gap (V↑↓ fixed), the
transition probability is greater when the speed at the
crossing is higher. For V↑↓ > 5~ω0 we observe a strong
decoherence, i.e., almost half of the wave packet flips its
spin projection. As a consequence, S will rapidly reach a
mixed state irrespective of the initial state being a cat or
an incoherent superposition. This may hinder the rela-
tive fragility of these states. For such reason we consider
a V↑↓ & ~ω0 which is still the nonperturbative regime.
Just before the third step a revival shows up. Such re-
vivals repeat in every following step, as can be seen in Fig.
3. This can be understood by the semiclassical picture of
Fig. 1(b) since the LE peak appears exactly at the cross-
ing time between the original wave packet and the one
that escaped to the second parabola. In other words, suc-
cessive passages yield substantial interferences between
the |↑〉 and |↓〉 components of the evolved wave packet.
Such particular interferences yielding the revivals is in
fact a manifestation of the well-known Stu¨ckelberg phase
commensuration [30], which appears in a TLS when a pe-
riodic driving force leads to consecutive passages through
an avoided crossing.
It is also notable that the successive LE steps become
deeper as the phase coherence within each wave packet
begins to decay. In this regime, the single-passage for-
mula 17 is no longer expected to be valid. However, under
the rough assumption that every time the wave packet
goes through the avoided crossing a LZ process occurs,
i.e., Eq. 17, one can compute a characteristic decay time
τφ in a Markovian approximation. This would be given
by the fraction of HO cycles needed to reach a specific
decay,
e−1 = (PLZ)
2n, (18)
since for every cycle the wave packet goes two times
through the gap. Then,
1/n = −2 ln[PLZ ] =
2π
~
|V↑↓|2
mω20qC q˙C
. (19)
Since the period of oscillation is constant, τφ =
n (2π/ω0):
1
τφ
=
2π
~
|V↑↓|2 1
2πmω0qC q˙C
(20)
=
2π
~
|V↑↓|2
[
1
4π
√
EC (E0 − EC)
]
(21)
=
∣∣∣∣V↑↓~
∣∣∣∣
2
2π~N1(E0) =
(
τ↑↓
)−2
τ↓, (22)
where E0 is the energy of the initial state and EC is the
gap energy, which is given by Eq.6. Therefore, the decay
rate diverges as the difference between E0 and EC van-
ishes. Additionally, initial states with high energies E0
have lower decay. The last line describes the Markovian
decay rate in terms of the density of directly connected
states N1(E0), and in terms of the characteristic time
scales τ↑↓ = ~/ |V↑↓| and τ↓ = 2π~N1(E0).
The corresponding exponential decay may be seen as
a Markovian approximation to the LE degradation with
respect to the spin-flip process. As shown in Fig. 3, the
comparison with the actual LE decay is only valid dur-
ing the first cycle. Repeated passages would give rise to
memory effects which are not contained in a successive
application of the single-passage LZ formula. Quite re-
markably, we observe that the LE turns out to be well
fitted by a Gaussian M(t) = exp[− 12 (t/τG)2] . Within a
considerably large energy range, the observed Gaussian
time scale turns out to be about 1/3 of the Markovian
time, i.e. τG ≃ τφ/3.
In the context of a spin system interacting with a spin
bath, Zurek and coworkers [15] have argued that a Gaus-
sian decay of a LE can be identified with a random walk
in the energy space. In the Fock-space representation of
our system, it is clear that decoherence is a concatenated
process: the spin flip controlled by τ↑↓ = ~/ |V↑↓| followed
by quantum diffusion along the energy coordinate [verti-
cal chain in Fig. 1 (a)]. This last can be identified with
such quantum random walk, with the survival probability
given by |J0(2t
√
nVg/~)|2. For short times this survival
turns out to be a condition to maintain coherence be-
tween both spin states, and it is essentially a Gaussian
with a time scale τ↓QD(E0) =
4
~
√
E0EC . Thus, it inter-
esting to note that in spite of a numerical factor, the non-
MarkovianGaussian decoherence rate is still described by
Eq.21. This feature is also present in the Gaussian to ex-
ponential interpolation formula proposed by Flambaum
and Izrailev [36, 37] for short times, when memory effects
are still effective. However, in spite of the mentioned
plausibility arguments they are more appropriate to de-
scribe the decay of single-energy eigenstates, but they are
not enough to provide a quantitative description of the
degradation of the subtle collective interferences involved
in the semiclassical wave-packet dynamics.
B. Decoherence and fragility
In order to study the fragility of the cat state defined
in Eq.10, we fix its mean energy E ≡ (E1 + E2)/2 =(
α21 + α
2
2 + 1
)
/2 ≫ EC and analyze the LE for a set of
energy differences ∆E ≡ |E1 − E2| =
∣∣α21 − α22∣∣. Here,
E1 and E2 are the energies of all individual semiclassical
wave packets that compose the cat state. We summarize
the observed behavior by plotting M(t) for two represen-
tative cases in Fig. 5. There, we compare the LE for
an initial cat state, an initial incoherent superposition,
and an average value of the LEs corresponding to the
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FIG. 5. Comparison between the LE for a cat state (black line), the LE for an incoherent superposition (gray line) as given
by Eq.A18 and the average LE of two independent evolutions of semiclassical states (dotted line) as given by Eq.A19. The LE
dynamics is given by E = 150~ω0, E↑ = 0, E↓ = 100~ω0, Vg = 10~ω0, V↑↓ = 2~ω0. (a) ∆E = 0 and (b) ∆E = 200~ω0.
independent dynamics of the two individual semiclassi-
cal states [see Eq.A19 in Appendix]. When ∆E = 0
[Fig.5(a)], there is almost no difference between the be-
havior of the LE for the three cases since the steps show
up at the same time and have the same depth. We as-
sign this effect to a particularity of the interaction used
which, being energy dependent, produces an equivalent
change in quantum phases of each wave packet of the su-
perposition. Thus, only the adiabatic tunneling would
contribute to the decoherent process, and this has the
same effect for the cat state and for the incoherent su-
perposition. The difference between the two cases relies
on the revivals associated with the Stu¨ckelberg phase,
which occurs when the wave packet components that re-
mained with the same spin state interfere with the ones
that changed it. In fact, the incoherent superposition
state shows larger revivals. When ∆E 6= 0 the situation
changes. For E = 150~ω0 the cat state degrades faster
than the incoherent superposition as ∆E is increased;
i.e., the LE for the cat state tends to be lower. This
means that as ∆E increases, the nonlocal (in energy)
states become more fragile [Fig. 5 (b)]. The nonlocality
in space is not sufficient to ensure a difference in the be-
havior of different initial states. In particular, if α1 = |α|
and α2 = − |α|, then ∆E = 0 but ∆q 6= 0. As shown
in Fig. 5(a), this case does not show evidence of relative
fragility.
In order to better quantify the previous observations,
we define the mean LE as M¯ = 1/T
∫ T
0
M(t)dt. At T =
20/ω0 we compute the difference ∆M¯ =
∣∣M¯inc − M¯cat∣∣,
where M¯inc and M¯cat indicate the mean LE of the inco-
herent superposition and the cat state respectively. Thus,
∆M¯ corresponds to the area between the two curves,
Minc and Mcat. The magnitude ∆M¯ constitutes our
fragility quantifier. In Fig. 6 we show how ∆M¯ increases
with ∆E for different E provided that ∆E & 100~ω0.
The scaling law turns out to be exponential on the en-
ergy difference: ∆M¯ ∼ exp[(∆E)/Eν ], with ν ≃ 3.5.
This means that the fragility of the cat state increases as
the nonlocality in energy grows. Also, it can be noticed
that ∆M¯ does not vanish even at ∆E = 0. Two obser-
vations contribute to the interpretation of such an effect.
On the one hand ∆E must exceed the natural energy un-
certainty of each of the individual wave packets forming
the initial state. On the other hand, since many LZ pro-
cesses contribute to ∆M¯, a finite value for ∆E = 0 can
be associated with the revivals that appear immediately
before LZ processes that define the LE steps. As they
originate in a precise phase commensuration, the more
fragile cat states always have smaller revivals than those
of the incoherent superposition of wave packets. Such
an effect is more noticeable when E gets closer to EC .
Additionally, Fig. 6 shows that the fragility tends to dis-
appear and the effects of ∆E diminish as E increases.
Indeed, if E is very high, the LE for the cat state does
not present changes in its behavior even when ∆E varies
for a wide range of values. We can interpret this fact
as a consequence of the energy dependence of the per-
turbation, which for initial states with large E implies a
LZ factor of almost 1. Thus, the tunneling through the
avoided crossing is negligible, and the perturbation is less
effective as a decoherent process.
8100 120 140 160 180 200
0.2
0.4
 
 
M
E/(h 0)
0 50 100 150 200
0.1
0.2
0.3
0.4
0.5
 
 
M
E/(h 0)
FIG. 6. ∆M¯ as function of ∆E. From top to bottom, E =
150~ω0, E = 200~ω0, E = 250~ω0 and E = 300~ω0. The
inset shows ∆M¯ as a function of ∆E in log scale. The linear
fittings indicate an asymptotic exponential dependence for
∆E & 100~ω0.
VI. CONCLUSIONS
In this article we employed the spin-boson model to
study decoherence of a harmonic oscillator produced by
its interaction with a simple nondegenerate binary envi-
ronment. Since here the system has many more allowed
states than the environment, the conceptual approach
contrasts the standard picture of quantum open systems.
A particularity of our model is that the spin-flip pro-
cess only becomes effective when the oscillator coordi-
nate is such that the interaction energy makes both spin
states degenerate. Thus, spin-flip dynamics within the
environment is limited to occur only at a precise coor-
dinate of the harmonic oscillator. It is quite remarkable
that this situation, involving an unbounded set of dis-
crete energies, turns out to be well described in terms
of the Landau-Zener theory, which was developed for a
two level system evolving under a time dependent energy
splitting.
The degradation of the quantum phase produced by
the environment was quantified by the Loschmidt echo.
In particular, we focused on the fragility of the coher-
ent superposition of wave packets (cat states) when com-
pared with incoherent superpositions of the same wave
packets. This required the evaluation of the dynamics
of such states. A tool that made such calculations even
more handleable was a wave-function treatment, which
involves a chosen numberN of states in the Hilbert space,
instead of a full density matrix, which would involve di-
mensions of N × N . The results indicate that coherent
superpositions of semiclassical wave packets associated
with different energies are more fragile than incoherent
ones. The fragility increases with the energy difference,
i.e., nonlocality in the energy representation, between the
individual wave packets. In our model, there is no evi-
dence of fragility strictly related to spatial nonlocality.
However, when nonlocality in space is associated with
nonlocality in energy, the system becomes increasingly
fragile towards the simple decoherence process.
The exponentially increased fragility of cat states may
be related to the problem of thermalization in closed
quantum systems [38]. In Ref. [32] it was proposed to
build a cat state with two macroscopic (semiclassical)
wave functions with different energies for the purpose
of analyzing the time average of any particular observ-
able. In such a situation, in order to recover the stan-
dard (classical) microcanonical predictions for such ob-
servables, the interferences between the wave functions
should be negligible. Our results constitute a step to-
wards this direction since we verified that the more sep-
arated in energy these wave packets are, the more easily
they decorrelate, i.e., the more fragile its phase coherence
becomes.
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Appendix A: Incoherent States
1. Normalization
We summarize here the properties of the incoherent superposition of two Gaussians given by Eq.11,
∣∣Ψinc0 〉 = lim
N→∞
N∑
j=1
eiθj |α1〉+ eiφj |α2〉√
∆
, (A1)
9where the normalization is
∆2 = 2N2
[
3 + exp
(
− |α1 − α2|2
)]
. (A2)
To find this value we employed an algebra that is useful also for the calculation of the LE. It follows from the use of
the identities, which hold for N sufficiently large,
N∑
j=1
exp[iθj ] =
N∑
j=1
exp[iφj ] = 0, (A3)
N∑
j,j′
exp[i(θj − θj′ )] = N +
N∑
j 6=j′
exp[i(θj − θj′)] = N, (A4)
N∑
j,j′
exp [i (φj − φj′ )] = N +
N∑
j 6=j′
exp [i (φj − φj′ )] = N, (A5)
and hence
N∑
j,j′,s,s′
exp[i(θj − θj′ + θs′ − φs)] = 0, (A6)
N∑
j,j′
exp[±i(θj + θj′ )] =
N∑
s,s′
exp[±i(φs′ + φs)] = 0, (A7)
N∑
j,j′,s,s′
exp[i(θj − θj′ + φs′ − φs)]
=
N∑
j=j′ ,s=s′
exp[i(θj − θj′ + φs′ − φs)] = N2, (A8)
N∑
j,j′,s,s′
exp[i(θj − θj′ + θs′ − θs)]
=

 N∑
j=j′ 6=s=s′
+
N∑
j=s6=j′=s′
+
N∑
j=j′=s=s′


× exp[i(θj − θj′ + θs′ − θs)]
= N(N − 1) +N(N − 1) +N = 2N2 −N ≃ 2N2. (A9)
Normalization can be then computed by writing
∣∣〈Ψinc0 |Ψinc0 〉∣∣2 = ∆−2 N∑
j,j′,s,s′
|〈α1 |α1〉|2 exp[i (θj − θj′ + θs′ − θs)] + 〈α1 |α1〉 〈α1 |α2〉 exp[i(θj − θj′ + φs′ − θs)]
+〈α1 |α1〉 〈α2 |α1〉 exp[i(θj − θj′ + θs′ − φs)] + 〈α1 |α1〉 〈α2 |α2〉 exp[i(θj − θj′ + φs′ − φs)]
+〈α1 |α2〉 〈α1 |α1〉 exp[i(φj − θj′ + θs′ − θs)] + |〈α1 |α2〉|2 exp[i(φj − θj′ + θs′ − φs)]
+〈α1 |α2〉2 exp[i(φj − θj′ + φs′ − θs)] + 〈α1 |α2〉 〈α2 |α2〉 exp[i(φj − θj′ + φs′ − φs)]
+〈α2 |α1〉 〈α1 |α1〉 exp[i(θj − φj′ + θs′ − θs)] + 〈α2 |α1〉2 exp[i(θj − φj′ + θs′ − φs)]
+ |〈α2 |α1〉|2 exp[i(θj − φj′ + φs′ − θs)] + 〈α2 |α1〉 〈α2 |α2〉 exp[i(θj − φj′ + φs′ − φs)]
+〈α2 |α2〉 〈α1 |α1〉 exp[i(φj − φj′ + θs′ − θs)] + 〈α2 |α2〉 〈α2 |α1〉 exp[i(φj − φj′ + θs′ − φs)]
+〈α2 |α2〉 〈α1 |α2〉 exp[i(φj − φj′ + φs′ − θs)] + |〈α2 |α2〉|2 exp[i(φj − φj′ + φs′ − φs)] (A10)
10
and noticing that 〈α1 |α1〉 = 〈α2 |α2〉 = 1 and |〈α1 |α2〉|2 = |〈α2 |α1〉|2 = exp[− |α1 − α2|2]. By Eq.A6, the 2nd, 3rd,
5th, 8th, 9th, 12th, 14th, and 15th terms vanish, and by Eq.A7 the 7th and 10th terms also vanish. Using Eqs.A8 and
A9, normalization in Eq.A10 finally yields∣∣〈Ψinc0 |Ψinc0 〉∣∣2
= ∆−2
[
2N2 + 2N2 + 2N2 exp[− |α1 − α2|2] + 2N2
]
= ∆−22N2
(
3 + exp[− |α1 − α2|2]
)
,
= 1,
which defines ∆ as in Eq.A2.
2. Time evolution and LE
In order to compute the LE as defined in Eq.14, one shall consider two different cases. For single semiclassical
states as in Eq.9 or cat superpositions as in Eq.10, the LE can be straightforwardly evaluated by Eq.15. However,
for the incoherent superpositions of Eq.11, an appropriate manipulation is required. Thus, here we make explicit the
time evolution and the LE for such state. With the purpose of simplifying notation, limN→∞ is dropped everywhere.
First, notice that in the Fock basis
∣∣Ψinc0 〉 can be written in a split form making explicit the random phases Λ and
the amplitudes ck,n needed to build each of the Gaussian coherent states:
∣∣Ψinc0 〉 = ∞∑
n=0
[
Λ(1)c
(1)
↑,n + Λ
(2)c
(2)
↑,n
]
|↑, n〉 , (A11)
where
Λ(1) =
N∑
j=1
eiθj√
∆
,
Λ(2) =
N∑
j=1
eiφj√
∆
, (A12)
c
(1)
↑,n = exp[−
|α1|2
2
]
(α1)
n
√
n!
,
c
(2)
↑,n = exp[−
|α2|2
2
]
(α2)
n
√
n!
. (A13)
Since any evolution operator is linear, the splitting of the probability amplitudes remains valid at any time. In fact,
the evolution under the Hamiltonian HˆS can be exactly computed as
e−
i
~
HˆS t
∣∣Ψinc0 〉 =
∞∑
n=0
[
Λ(1)c
(1)
↑,n(t) + Λ
(2)c
(2)
↑,n(t)
]
|↑, n〉 , (A14)
where
c
(1)
↑,n(t) = exp[−
|α1|2
2
− i(n+ 1
2
)ω0t]
(α1)
n
√
n!
,
c
(2)
↑,n(t) = exp[−
|α2|2
2
− i(n+ 1
2
)ω0t]
(α2)
n
√
n!
. (A15)
Analogously, the perturbed evolution under HˆS + Σˆ yields
e−
i
~
(HˆS+Σˆ)t
∣∣Ψinc0 〉 =
∞∑
n=0
[
Λ(1)c
(1)
↑,n(0) + Λ
(2)c
(2)
↑,n(0)
]
e−
i
~
(HˆS+Σˆ)t |↑, n〉 ≡
∞∑
n=0
∑
k=↑,↓
[
Λ(1)d
(1)
k,n(t) + Λ
(2)d
(2)
k,n(t)
]
|k, n〉 .
(A16)
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Even though we do not have a simple closed formula like Eq.A15 for the time-dependent amplitudes d
(1)
k,n(t) and
d
(2)
k,n(t), they are well defined by the linearity of the evolution operator. Now we can translate the LE evaluation in
Eq.15 by identifying c↑n(t)→ Λ(1)c(1)↑,n(t) + Λ(2)c(2)↑,n(t) and dk,n(t)→ Λ(1)d(1)k,n(t) + Λ(2)d(2)k,n(t),
Minc(t) = Tr
{
(σrS)
†
σrS+E
}
=
∞∑
m,n=0
[(
Λ(1)d
(1)
↑,m(t) + Λ
(2)d
(2)
↑,m(t)
)(
Λ¯(1)d¯
(1)
↑,n(t) + Λ¯
(2)d¯
(2)
↑,n(t)
)
+
(
Λ(1)d
(1)
↓,m(t) + Λ
(2)d
(2)
↓,m(t)
)(
Λ¯(1)d¯
(1)
↓,n(t) + Λ¯
(2)d¯
(2)
↓,n(t)
)]
×
[(
Λ(1)c
(1)
↑,n(t) + Λ
(2)c
(2)
↑,n(t)
)(
Λ¯(1)c¯
(1)
↑,m(t) + Λ¯
(2)c¯
(2)
↑,m(t)
)]
, (A17)
where the overline means complex conjugation. Eq. A17 has 32 terms, and after using the averaging rules given by
Eqs.A6,A7,A8 and A9 for every product Λ(a) × Λ¯(b) × Λ(c) × Λ¯(d),
Minc(t) =∆
−2
∞∑
m,n=0
[
2N2
(
d
(1)
↑,m(t)d¯
(1)
↑,n(t) + d
(1)
↓,m(t)d¯
(1)
↓,n(t)
)
c
(1)
↑,n(t)c¯
(1)
↑,m(t)
+N2
(
d
(1)
↑,m(t)d¯
(1)
↑,n(t) + d
(1)
↓,m(t)d¯
(1)
↓,n(t)
)
c
(2)
↑,n(t)c¯
(2)
↑,m(t) +N
2
(
d
(2)
↑,m(t)d¯
(1)
↑,n(t) + d
(2)
↓,m(t)d¯
(1)
↓,n(t)
)
c¯
(2)
↑,m(t)c
(1)
↑,n(t)
+N2
(
d
(1)
↑,m(t)d¯
(2)
↑,n(t) + d
(1)
↓,m(t)d¯
(2)
↓,n(t)
)
c¯
(1)
↑,m(t)c
(2)
↑,n(t) +N
2
(
d
(2)
↑,m(t)d¯
(2)
↑,n(t) + d
(2)
↓,m(t)d¯
(2)
↓,n(t)
)
c¯
(1)
↑,m(t)c
(1)
↑,n(t)
+2N2
(
d
(2)
↑,m(t)d¯
(2)
↑,n(t) + d
(2)
↓,m(t)d¯
(2)
↓,n(t)
)
c¯
(2)
↑,m(t)c
(2)
↑,n(t)
]
. (A18)
Notice that since ∆−2 ∝ N−2, the N dependence of Eq.A18 disappears. This means that we do not need to compute
an infinite average of wave functions. Instead, it is only needed to evolve separately two individual semiclassical states
|α1〉 and |α2〉 and use their respective probability amplitudes (the complex coefficients in the Fock basis {|k, n〉}) to
compute Minc(t) at any time. Additionally, the first and last terms in Eq.A18 are proportional to the naive version
of the LE for two independent semiclassical states, defined as the mean value of the individual overlaps:
Mnaive(t) ≡ 1
2
∞∑
m,n=0
[(
d
(1)
↑,m(t)d¯
(1)
↑,n(t) + d
(1)
↓,m(t)d¯
(1)
↓,n(t)
)
c
(1)
↑,n(t)c¯
(1)
↑,m(t) +
(
d
(2)
↑,m(t)d¯
(2)
↑,n(t) + d
(2)
↓,m(t)d¯
(2)
↓,n(t)
)
c¯
(2)
↑,m(t)c
(2)
↑,n(t)
]
=
1
2
(
M (α1)(t) +M (α2)(t)
)
, (A19)
where M (α1) and M (α2) are the corresponding LE for |α1〉 and |α2〉 respectively, evaluated from Eq. 15.
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